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Modifying the onset of homoclinic chaos: Application to a bistable potential
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We analyze, by means of the Melnikov method, the possibility of modifying the threshold of
homoclinic chaos in general one-dimensional problems, by introducing small periodic resonant mod-
ulations. We indicate in particular a prescription in order to increase the threshold (i.e., to prevent
chaos), and consider then its application to the bistable Duffing-Holmes potential. All results are
confirmed both by numerical and by analog simulations, showing that small modulations can in fact

sensibly influence the onset of chaos.

PACS number(s): 05.45.4+b

The problem of “controlling chaos” has received great
attention in recent years [1-4]. Even if, for many authors,
this term means in general the stabilization of unsta-
ble orbits, we are concerned here more specifically with
the modification of the threshold for the onset of chaos.
One of the simplest and most interesting methods used
in order to modify (possibly to increase) the threshold of
chaos, which appears in the presence of homoclinic orbits,
is the introduction of a periodic modulation of the param-
eters describing the unperturbed potential. This possi-
bility has been analyzed for both the Duffing-Holmes and
the Josephson-junction potential [2,3].

In the present Brief Report, we want to propose some
generalizations of this idea: we will consider first a
generic one-dimensional problem by means of Melnikov
theory [5,6], and obtain a simple criterion about the “cor-
rect” choice of this modulation; next, we will apply this
indication to the bistable Duffing-Holmes potential, in-
troducing two independent modulations: this will allow
us to confirm both the general results and the possibil-
ity of modifying the onset of chaos. All the theoretical
discussion is well supported both by numerical and by
analog simulations.

Let us start by considering the general case of a one-
dimensional “equation of motion” for the real variable
z = z(t):

&= f(x) — 6 £+ ycoswt + € g(z)cos(Q +6), (1)

where for ¢ = 0 we have the standard problem of a peri-
odically forced and linearly damped motion, whereas the
additional term with € # 0 takes into account the pres-
ence of general modulating terms. We assume as usual
f = —dV/dz, where the unperturbed potential V' = V' (z)
has a maximum point at £ = ¢ and a homoclinic orbit,
which we indicate by

q=4q(t) 2

doubly asymptotic to xo for t — £oo. In order to obtain
a theoretical estimate of the effect of the last term of
Eq. (1) to the threshold of chaos, let us write down the
Melnikov function M (tg) for the problem (1): taking into
account that q(t) = q(—t), it is easily seen that M (to)
acquires the form
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+00 +o0
_M(to) = 6 / §3(¢) dt + ysinwto / §(t) sinwt dt
—o0

— 00

+oo
+esin(Qto + 6) / d(t) 9(a(t)) sin Q¢ dt
—o0
= 6Js + vJysinwtp + eJe sin(Qtg + 6). (3)

At the resonant case, i.e., when w = Q, this can be writ-
ten

—M(to) = 6Js + vK sin(wtp + ) (4)
with

K=|2+ (-6—7‘]—)2 + 2($)J.,J5 cos0|1/2. (@)

The condition for the appearance of chaos according to
Melnikov criterion, i.e., that M (¢p) has simple zeros, be-
comes now (it is not restrictive to assume v > 0, whereas
§ > 0 for physical reasons, and clearly Js > 0)

YK > 6Js. (5)

With fixed damping 8, we can then use the modulation
term in order to modify the threshold of chaos: here,
this amounts to modifying the range of the forcing am-
plitudes v which do not produce chaotic responses. Now,
according to Eqgs. (4)—(5), the maximum increase of this
threshold is obtained by choosing # = 0 and the sign of
€ according to the following prescription:

€e>0 if J,J. <0,

(6)
€<0 if J,Je>0

(or, which is the same, € > 0 in any case, § = 0 if J,J <
0, and 6 = 7 if J,J. > 0).

With this choice for €, and observing that the ampli-
tude |¢| of the modulation is usually very small (here we
only require || < 7|Jy/Je|), the above condition (5) be-
comes

6Js

Y7
]

+ ‘e% )
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5/2
or also | Je(s‘t) = 4BA smh tVB sech® tv/B sinQst dt
0 Je —oo
= > R(e) = Ro + e[z (8) 2
5 51,1 3, 0
= —=(Q% + 4B) csch >0 11/
54 (% +4B) csch 2 av)
where
Ry = Js (8 [notice that the results in Eq. (9) of Ref. [2] and Eq. (4) of
1751 Ref. [4] are incorrect]. One also has J é+) =J 5(‘ , whereas
() _ _ 7=,
is the “Melnikov ratio” in the case ¢ = 0 of no modula- Sy =—dy
tion. 4 B3/2 2
Then Melnikov theory predicts that the presence of Jéi) 3 4 0, JS,H = —Tw —sech \/— <0.
modulation produces, if the phase of modulation is cho-
sen according to the above rule, an increase (proportional (12)

to the quantity |J./Jy|) of the threshold of chaos.

Before further discussing this result, let us remark in-
cidentally that in the case of nonresonant modulations,
w # Q, Eq. (3) suggests that one may expect [at most
after some time delay of the order ~ 1/(w — Q)] an
“in-phase” contribution of both forcing and modulating
terms ~ 7|Jy| + |eJe|. Then, the above arguments indi-
cate that a lowering of the threshold, favoring the onset of
chaos, is to be expected in this case. A careful analysis
of nonresonant modulations in the case of the Duffing-
Holmes potential can be found in Ref. [2].

We now want to provide a precise test of the above re-
sults by checking them in the case of the Duffing-Holmes
potential. We find it convenient to introduce a small
generalization of the above discussion, by choosing the
perturbation g(z) in (1) in the form of two independent
terms modulating both the linear and the cubic compo-
nents of the force: this requires the presence of two mod-
ulation parameters €1, €3, as made in [4], where a Duffing-
Holmes-type potential was obtained by means of magne-
toelastic equipment. Precisely, we consider the equation

= — Ams(l + €3 cos Q3t) + Bz(1 + €1 cos Q)
— 6 & + ycoswt, (9

where A, B,~,6 > 0, and the signs of €1, €3 are for the mo-
ment undetermined. As is well known, the unperturbed
Duffing-Holmes potential possesses two homoclinic or-
bits, given by

2B\ 1/2
(F) = et vV
q d:( = ) sech tv B, (10)

where the signs + and — denote, respectively, the or-
bit surrounding the minimum of the potential at z(+) =

++/B/A and at z(~) = —,/B/A. All integrals appearing

in the Melnikov function can be evaluated exactly; in par-
ticular, the integrals Je(f' ) and Je(l_ ) take the same value
when evaluated, respectively, along the orbit ¢(*)(¢) and
along ¢(=)(t), the same is true for Je(j) and Je(;): We
have

3/2
JE) = — BA / sinh tv/B sech® tv/B sint dt
—oo
wBQ% 9
— h——= <0, 11
W) (1)

Thus, the Melnikov condition for the appearance of
chaos, in the resonant case w = Q; = Qg, can be finally
written in the form

% > R@®)(e1,e3) = Ro F e171 £ €73, (13)

where again + distinguishes between the two homoclinic
orbits ¢(¥)(¢), and

2+/2B3/2 cosh ¥
3vVArw 2vB

is the well-known ratio for the unperturbed Duffing-
Holmes potential [6], and

Ro = (14)

ry = wB_ coth——a | 13 = w(w? + 4B) coth——
T sv2A  2VB T T 66vRA 2V/B

(14)

Therefore, we can conclude: If the motion occurs near
the homoclinic orbit ¢(*)(t), the best choice in order to
prevent chaos (by increasing the threshold) is

€1 <0 and €3 > 0. (15)
This choice, however, favors the onset of chaos when the
motion is in the potential well around z(~) = —,/B/A.
The opposite choice €; > 0, €3 < 0 would produce exactly
opposite effects. All these results agree with our above
discussion (cf. the signs of J,si) and Je(li ), JE(;E )).
Numerically, with, e.g., A=B =w =1, § = 0.25, we
obtain
ry = 3.08 , rz = 2.57. (16)
The relatively large numerical values of these coefficients
(compared with Ry = 0.753) show that the role of mod-
ulation in the Duffing-Holmes potential is really impor-
tant: according to Egs. (13) and (16), one may in fact
expect that very small €;, €3 may considerably influence
the onset of chaos. Another interesting remark is that
the introduction of the modulation (clearly the effect is
present also when choosing one of the two €1,€3 equal
to zero) produces a sort of “dynamical asymmetry” be-
tween the two potential wells. Let us emphasize that it
has already been noticed [7] that a small “geometrical”
asymmetry in the double-well potential sensibly modi-
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t FIG. 1. Numerical solution
of Eq. (9) with different ini-
tial conditions, and A = B
=w=16 =~ = 0.2. The
modulation terms €; = —0.05,
€3 = +0.04 are chosen accord-
ing to the prescription (15) in
order to remove chaos: indeed,
after some short transient, the
solution is periodic.
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fies the thresholds of chaos in the two wells. Precisely,
considering an asymmetric potential

B
—2z?% + fz,

3 (17)

Viz) = %x‘i —

it can be shown that the Melnikov ratios R (), at the
first order in the asymmetry parameter 3, are given by

R*)(B) = Ry + Bp, (18)
where
V2A /3w w w

With A = B = w = 1 as before, one has p = 1.35.
showing that the two effects are in fact comparable.

We have tested the above theoretical results for the
Duffing-Holmes potential by means of both numerical
and analog simulations. The agreement is globally good
enough. For instance, choosing A = B = w = 1, and
6 =0.2,7 = 0.2 (i.e., largely within the chaotic region if
no modulation would be present, cf. [6]), it is sufficient
to insert a modulation with €; = —0.05, €3 = +0.04 in or-
der to obtain a periodic response. Figure 1 shows some
of these periodic motions, oscillating around z(+) = 1,
obtained by numerical integration, starting from differ-
ent initial conditions. Analog simulation is another very

convenient and known method (see [9] and references
therein, and [8,10,3]) to examine nonlinear systems. The
analog device we use in this case is essentially similar to
others already used and discussed elsewhere (see espe-
cially [9,3]). In particular, the modulation is obtained by
means of multipliers operating in the reaction loop, in
a similar way to the case of the modulated Josephson-
junction device, discussed in detail in [3]. The values of
the parameters are obtained by direct measurements on
the experimental circuit. In particular, the damping term
6 is deduced from the resonance bandwidth at the limit
of small amplitudes; therefore, this measure is actually

100

subject to some uncertainties: We obtain § = 0.25 with
an estimated error of £20%. The other parameters (in
dimensionless units, as usual) are B = 1, 1/v/A = 2.83,
w = 142 ~ V2B (i.e., the frequency of the small os-
cillations around the equilibrium points z* of the un-
perturbed potential). Then, by increasing the forcing
amplitude «y, we look for the threshold values of v which
produce the appearance of chaotic responses, for different
values of the amplitudes €, €3 of the modulating pertur-
bation. Figure 2 shows the values we obtain for the ratio
R = /6 (where =y are these threshold values), as a func-
tion of €;, with e3 = 0. In agreement with Eq. (13),
we obtain a completely similar behavior with €¢; = 0 and
varying e3. From our measurements, we get the following
results:

Ry =43, r; =10.1,

rg = 11.2, (20)

3.0
0.00

T T
0.02 0.04

FIG. 2. Threshold of chaos in the bistable potential
[Eq. (9)] as a function of modulating perturbation. Here,
v is the experimental value (via analog simulation) of the
threshold; the ratio R = -y/6 is plotted vs the amplitude €; of
modulation, with €3 = 0. The results with €; = 0 and varying
€3 are completely similar, see Eq. (13).
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to be compared with the theoretical values deduced from
Egs. (14) and (14')

Ry =282, ry =11.63, rg = 11.66. (21)
The numerical agreement is not perfect; let us stress,
however, that—apart from the uncertainties and un-
avoidable errors in the experimental determinations of
the various quantities (see [3] for some short comments
on this point)—in any case one cannot hope that the
Melnikov method is able to give a precise determina-
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tion of the threshold of chaos; rather, a common and
expected result is actually that the Melnikov theory in-
dicates a somewhat smaller value than the threshold ex-
perimentally detected (see [6,3]). Let us point out, on the
other hand, the better agreement we find for the values
of r1, 73, and in particular the result r; ~ r3 [accord-
ing to Eq. (14'), r1 = r3 for w = v/2B], and finally the
agreement shown by Fig. 2 with Eq. (13). With these
observations, we believe that all the facts discussed up
to now may be considered globally as a rather good test
for both theory and analog experiments.
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